
Thin plate spline
This method is based on the model of deformation of an infinite 
and infinitely thin metal plate. A coordinate grid (an imaginary 
metal plate) is placed on the reference object and then shaped to 
match the compared object. The differences between the objects are 
represented by the deformation of the originally rectangular grid or 
the flat metal plate



The change in the position of landmarks on 
a surface defined by the x and y axes 
relative to the reference object is displayed 
either by tilting or rotating the surface 
(metal plate) or by its bending. When bent, 
the change appears along the third axis –
the z-axis (the plate can no longer remain 
flat).
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The degree of bending of the metal plate is expressed by the amount 
of energy required to bend the plate (deformation energy, bending 
energy). The more localized the deformation of the plate, the higher 
the required deformation energy. Unlike Procrustes analysis, 
deformation energy cannot be interpreted as a measure of the 
difference between compared objects, but rather as a measure of the 
locality of shape changes.
less localized changes – less energy
localized changes – more energy

MacLeod (2001)
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The change in the shape of an object, or the differences between 
the shapes of two objects, can be decomposed into an affine 
component (affine, linear transformation), where changes occur 
along one of the orthogonal axes while maintaining the 
parallelism of lines in the original coordinate grid, and a non-
affine component (non-affine, non-linear transformation), where 
deformation of the coordinate grid lines occurs. The affine 
component of changes includes all transformations of size, 
rotation, and also homogeneous compression or elongation of the 
shape in one direction. The deformation energy for the affine 
component of changes is zero because there is no bending of the 
imaginary metal plate. The non-affine component of changes 
affects each landmark differently.
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A – translation along the vertical axis, B – translation along the horizontal axis, 
C – scaling, D – rotation, E – compression/dilation, F – tilting

Zelditch et al. (2004)



Relationships expressed using vectors

Mutual shape relationships of the species
Stenopteryx diaphragma and Argyropelecus olfersi

Sample data from the tpsSpline program
(http://life.bio.sunysb.edu/morph/)

Stenopteryx diaphragma Argyropelecus olfersi



affine component 
of shape change

non-affine component 
of shape change

Mutual shape relationships of the species
Stenopteryx diaphragma and Argyropelecus olfersi

overall change of shape



vector representation 
of shape change

non-affine component 
of shape change

ontogeny of 
Serrasalmus gouldingi
overall change of shape

Zelditch et al. (2004)



•At the beginning of the analysis using the thin-plate spline method, 
we select a reference object. This may be a younger ontogenetic 
stage, a presumed evolutionary ancestor, or an average 
configuration determined by the Procrustes method.
•From the reference object, we calculate the deformation energy 
matrix (bending energy matrix),           where p is the number of 
landmark points.
•This matrix is a function of the distances between the landmark 
points in the reference object.

Lp
1−

L
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For the matrix L, it holds that

where 0 is a 3 x 3 matrix of zeros, further

where the function U is defined

where rij
2 is the square of the distance between the landmarks i and j



for the matrix Q, it holds that

and where x and y are the coordinates of the landmarks of 
the reference object



- The decomposition of the deformation energy matrix yields 
mutually orthogonal eigenvectors called partial warps.
- Partial warps depend on the configuration of the reference object –
for example, omitting a single landmark will change the "pattern" of 
all deformations.
- The analogy with PCA (it also involves "eigenanalysis") is not 
complete because here we work with only one object.
- The values of the corresponding eigenvalues of the deformation 
energy matrix depend on the degree of localization of the respective 
transformation. The larger the eigenvalue, the more localized and 
"energetically demanding" the respective change is. The first three 
eigenvalues are zero because they correspond to affine shape changes.
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- Partial warps by themselves do not characterize the change; they are 
merely a system of coordinates (axes) that define the space in which 
we analyze shape changes.

- The scores of partial warps for a given object indicate the position of 
that object relative to the reference object along the partial warps.

- For each object, we obtain p − 3 values (partial warp scores) for the 
x and y axes (or for the x, y, z axes in three-dimensional objects). For 
mm objects, we then obtain either m × 2(p − 3) or m × 3(p − 3) values
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- Principal warps refer to deformed surfaces (warped surfaces, thin 
plate splines) and are eigenfunctions of the deformation energy 
matrix.
- Partial warps are projections of principal warps onto a plane 
defined by the x and y coordinates – figuratively speaking, they are 
the "shadow" of the principal warps on the plane defined by x and 
y coordinates.
- Principal warps, like partial warps, are derived solely from the 
reference object.
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As taxonomic features or values of objects on an ordination 
diagram that define relationships between objects, relative warps 
can be used.

These are calculated from the matrix of partial warps of size m ×
2(p − 3) or m × 3(p − 3) using principal component analysis (here 
referred to as relative warp analysis) based on the covariance 
matrix. The values for individual objects on the principal 
components (relative warps) express the degree of difference in 
their shapes.

Relative warps can also be interpreted as the principal components 
of the shape distribution in a space that is tangentially positioned 
to Kendall's space.
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- The values of partial warps can be adjusted before calculating 
relative warps using the coefficient α:

- α > 0 – global warps with lower energy levels have greater 
weight.

- α < 0 – local warps with higher energy levels have greater 
weight.

- Values from the interval −1 to +1 are used.
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Relative warps can also be calculated directly from Procrustes 
"residuals" – from vectors connecting the landmarks of the 
compared object and the consensus configuration after their 
superposition (the sum of the squared lengths of these vectors is 
approximately equal to the squared Procrustes distance between the 
compared object and the consensus configuration in Kendall's 
space).

It holds that the sum of the squared scores of partial warps is equal 
to the squared Procrustes distance from the reference object.
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