
Outline analysis: Eigenshape analysis

Radius function r(θ)

The reference line is a radius drawn from the centroid (or 
another corresponding point) to a primary landmark. From this 
radius, additional lines are drawn at equal angles. The radial 
function describes the relationship between the angle of rotation 
and the corresponding radius length.

Podani (2000)



Outline analysis: Eigenshape analysis

Radius function r(θ)

If the number of radii drawn from the centroid is sufficient (p), 
their lengths describe the studied shape quite well.
The result is a p × m matrix, where m is the number of studied 
objects. The matrix forms the basis for PCA, which is based on 
correlations between objects (not between features) – eigenshape 
analysis.

Podani (2000)



Unio PCA – eigenshape analysis,
the first eigenvalue accounts for 
97% – size component, so it is 
better to assess the second and third 
axes afterwards.

Unio PCA – correlations of 
traits, the first eigenvalue 
accounts for 91.3%, the second 
for 5.2%.

Eigenshape analysis - Radius function  r(θ)

Podani (2000)



Eigenshape analysis

Radius function – r(θ)

For more complex shapes, 
this function is not suitable 
for describing more complex 
forms – in some cases, r does 
not have a single value for a 
given angle θ.

The choice of the central 
landmark or centroid is also 
problematic – if its position 
is variable in relation to the 
biological structure, it 
significantly influences the 
result.

Lohmann & Schweitzer (1990, „Blue Book“)



Eigenshape analys

Zahn & Roskies‘ shape function

φ*(t) = φ (t) - t

t is the distance from the initial (zero) reference point along the 
outline, normalized to the total length 2πr.
φ(t) is the angle in radians between the tangential vector at point 
0 and the vector at a distance t from the zero point.
The function has a value of zero for a circular outline.

Podani (2000)



Eigenshape analysis

Zahn & Roskies‘ shape function

The result is a matrix that is used for 
the analysis of principal shapes 
(PCA). "Sampling" of the outline is 
therefore not at equal angles but at 
equal distances along the outline. The 
shorter these distances, the more 
accurate the result (minimum n = 
100).
Shape – the function φ*(t)
Size – S = t / n
Angularity – amplitude

φ*(t) = φ (t) - t

Lohmann & Schweitzer (1990, „Blue Book“)



Globorotalia truncatulinoides

The initial reference point 
and the direction of data 
collection along the outline 
are important!
(in the direction or 
opposite direction of the 
clock hands)

Lohmann & Schweitzer (1990, „Blue Book“)



Eigenshape analysis

Zahn & Roskies‘ shape function

Shape function

Eigenshape function

Lohmann & Schweitzer (1990, „Blue Book“)



Lohmann & Schweitzer (1990, „Blue Book“)





Outline analysis: Fourier analysis

Fourier analysis using equally spaced radii

The angle θ varies from 0 to 2π, ai bi – – Fourier 
coefficients of the i-th harmonic function, k – the 
maximum number of harmonic functions: 
k < p / 2.

Rohlf (1990, „Blue Book“)



Outline analysis: Fourier analysis

Fourier analysis using equally spaced radii

Rohlf (1990, „Blue Book“)



Fourier analysis

Fourierova analysis of tangent 
angles

φ*(t) = φ (t) - t

Rohlf (1990, „Blue Book“)



Fourier analysis

Elliptic Fourier analysis

The positions of points and steps on the outline are characterized 
by x and y coordinates.



Fourier analysis

Elliptic Fourier analysis
The function we are looking for describes the simultaneous change 
of coordinates, i.e., Δx and Δy in accordance with a set of harmonic 
functions. For each harmonic function, 4 coefficients are derived 
(two for horizontal coordinates and two for vertical coordinates). In 
addition, two constants are calculated.
Fourier coefficients for the k-th harmonic function and the x-
projection of the outline are calculated as follows:

Δxi = xi – xi-1 – chordal 
distance of the step 
between points i aand i -1
ti – cumulative length of 
steps up to step i
T – total length of the 
outline Rohlf (1990, „Blue Book“)



The constant for the x-coordinates is calculated as follows:

The Fourier coefficients for the k-th harmonic function 
and the y-projection of the outline are calculated 
equivalently.
For the entire curve, n harmonic functions, and t from 
the interval 0 − 2π, the following holds:

Fourier coefficients can then be used for further analyses –
PCA, cluster analyses, discriminant analyses, etc.



Fourier analysis

Elliptic Fourier analysis

Rohlf (1990, „Blue Book“)



orig. 1 harm. f. 2 harm. f.

3 harm. f. 5 harm. f. 9 harm. f.

64 points characterizing the outline
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