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ABSTRACT 29 

Many constitutive models are available nowadays to predict soil-structure interaction 30 

problems. It is sometimes not very easier for engineers to select a suitable soil model to carry 31 

out their design analyses in terms of complexity versus accuracy. This paper describes the 32 

application of three constitutive models to back-analyse a well-instrumented centrifuge model 33 

test, in which the effect of basement excavation on an existing tunnel was simulated. These 34 

three models include a linear elastic-perfectly plastic model with the Mohr-Coulomb failure 35 

criterion (called MC model), a nonlinear elastic Duncan-Chang model (DC) and a 36 

hypoplastic model (HP), the last of which can capture the state-, strain- and path-dependent 37 

soil stiffness even at small strains and path- and state-dependent soil strength. By comparing 38 

with measured data from the centrifuge model test, it is found that the HP model yielded the 39 

best predictions of tunnel heave among the three models. Not only the gradient but also the 40 

magnitude of tunnel heave is predicted well by this HP model. This can be explained by the 41 

fact that the HP model can capture the state-, strain- and path-dependent soil stiffness even at 42 

small strains and path- and state-dependent soil strength but not the MC and DC models. 43 

However, all three models underestimated the change in tunnel diameter and the maximum 44 

tensile bending strain in the transverse direction. 45 

Key words: constitutive model; numerical modelling; small-strain stiffness; tunnel heave 46 
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Introduction 48 

A great challenge in the design and construction of basement excavation in urban 49 

areas is the protection of adjacent underground structures such as existing tunnels. Stress 50 

relief due to excavation causes additional stress and deformation which may affect the safety 51 

and serviceability of the existing tunnel. Prediction of tunnel deformation and stress 52 

distribution induced by excavation is becoming one of the major tasks for geotechnical 53 

engineers. The use of the finite element method to analyse the interaction between basement 54 

excavation and an existing tunnel is gaining popularity (Lo and Ramsay 1991; Doležalová 55 

2001; Sharma et al. 2001; Zheng and Wei 2008; Huang et al. 2013; Ng et al. 2013). However, 56 

any prediction is only as good as the model with which it is made. Consequently, it is crucial 57 

to have a realistic soil behaviour model with which to estimate the magnitude and distribution 58 

of strain and deformation around an existing tunnel. 59 

Among other things, a soil model must be able to capture soil non-linear stress-strain 60 

behaviour even at small strains. The degradation of shear modulus with strain has been 61 

widely recognised and well understood (Seed and Idriss 1970; Iwasaki et al. 1978; Simpson 62 

1992; Mair 1993; Jovicic and Coop 1997; Oztoprak and Bolton 2013). The stiffness of a soil 63 

cannot be assumed to be constant when the strain around a geotechnical structure rises to a 64 

certain value. The degradation of stiffness with small strain should be considered when 65 

analysing deformation problems. Otherwise, the soil-structure interaction computation may 66 

be misleading (Jardine et al. 1986; Ng and Lings 1995; Addenbrooke et al. 1997; Hejazi et al. 67 

2008; Mašín 2009; Svoboda et al. 2010). 68 

Many constitutive models have been used to investigate the interaction between 69 

basement excavation and an existing tunnel, such as the linear elastic-perfectly plastic models 70 

with Mohr-Coulomb failure criteria (e.g., Lo and Ramsay 1991; Doležalová 2001; Sharma et 71 

al. 2001), the modified Cam-clay models (e.g., Zheng and Wei 2008), the hardening soil 72 
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models (e.g., Huang et al. 2013), and the hypoplastic models (e.g., Ng et al. 2013). The most 73 

frequently used one for analysing the soil-structure interaction problem is a linear elastic-74 

perfectly plastic Mohr-Coulomb model. But the question is whether a simple soil model is 75 

sufficient for serviceability design or whether a complex nonlinear soil model really provides 76 

a better solution. The ability of each model to predict the response of an existing tunnel to 77 

stress relief during basement excavation should be evaluated quantitatively. Moreover, there 78 

should be guidelines for selecting an appropriate model.  79 

This paper evaluates the ability of different models to predict a tunnel’s response to a 80 

nearby excavation quantitatively by back-analysing Ng et al.’s (2013) centrifuge model test. 81 

Numerical simulations are conducted using a Mohr-Coulomb model, a nonlinear Duncan-82 

Chang model, and a hypoplastic model. Results computed from these three models are 83 

compared with those measured in the centrifuge model test. The comparisons of the model 84 

predictions can be regarded as the verifications of different design analyses carried out by 85 

various practicing engineers. As practising engineers are most interested in the maximum 86 

tunnel heave, the gradient of tunnel heave, the change in tunnel diameter and the tunnel 87 

bending strain, these are the aspects examined in this study. 88 

Description of the simulated centrifuge test 89 

A three-dimensional centrifuge model test (shown in Fig. 1) of a tunnel that runs 90 

parallel to and beneath a basement was carried out to investigate the effect of a new basement 91 

excavation on an existing tunnel in dry sand. The centrifuge test was conducted using the 92 

centrifuge on the campus of the Hong Kong University of Science & Technology (HKUST) 93 

(Ng et al. 2001, Ng et al. 2002). The aluminium model container had internal dimensions of 94 

1245 mm (length) by 990 mm (width) by 850 mm (depth). The test was performed at a 95 

centrifuge acceleration of 60 g. Figs. 1(a) and (b) show elevation views of the centrifuge test. 96 

A square excavation (on plan) was carried out with length of 300 mm (equivalent to 18 m in 97 
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prototype). The depth of the excavation was 150 mm (equivalent to 9 m in prototype). The 98 

penetration depth of the model wall was 75 mm (equivalent to 4.5 m in prototype). The soil 99 

sample consisted of dry Toyoura sand and was prepared by the pluvial deposition method. 100 

Both the model tunnel and the model diaphragm wall were made of an aluminium alloy with 101 

Young’s modulus (Ea) of 70 GPa. The length, diameter and thickness of the model tunnel 102 

were respectively 1200 mm, 100 mm and 3 mm (approximately equivalent to 72 m, 6 m and 103 

0.18 m in prototype). The model wall consisted of four aluminium plates with depth (H) and 104 

thickness (w) of 255 mm and 12.7 mm, respectively. The sample density was 1542 kg/m3, 105 

corresponding to a relative density of 68%. As shown in Fig. 1, linear variable differential 106 

transformers (LVDTs) were used to measure soil heave at the formation level, ground surface 107 

settlement, and tunnel vertical displacement. Bending strain was measured with strain gauges 108 

(SGs). Four potentiometers were installed on the tunnel lining to measure changes in tunnel 109 

diameter. Basement excavation was modelled by draining the heavy fluid (ZnCl2) from the 110 

flexible rubber bag to a reservoir. Three excavation stages were modelled according to 111 

measurement from the pore pressure transducers placed in the heavy fluid. Details of 112 

centrifuge model packages and results can be found in Ng et al. (2013). All results are 113 

presented in prototype scale here unless stated otherwise. 114 

Finite element analysis 115 

Finite element mesh and boundary conditions  116 

The finite element program ABAQUS (ABAQUS, Inc. 2006) was used to simulate 117 

the effect of basement excavation on the existing tunnel. Fig. 2 shows the three-dimensional 118 

finite element mesh adopted in this analysis. The mesh dimensions were 1200 mm (length) 119 

by 990 mm (width) by 750 mm (depth). An eight-node brick element was used to simulate 120 

the sand, the diaphragm wall, and a four-node shell element was used to simulate the tunnel. 121 
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Pin supports were applied on all vertical sides and the base of the mesh to restrain movement 122 

in any direction (x, y or z direction). 123 

In all the numerical analysis, interface elements were used at soil-tunnel and soil-124 

basement wall interfaces, unless stated otherwise. Each interface element used is described by 125 

zero-thickness slip element assigned with the Coulomb friction law. The friction coefficient 126 

(µ) and limiting relative displacement (lim) at which slippage occurs are controlled by two 127 

input parameters for each slip element. The interface friction coefficient, µ, is derived from 128 

µ=tanδ, where δ is the interface friction angle, which is taken as 20° (i.e., 2/3 of the critical 129 

friction angle of soil). The limiting displacement of 5 mm is assumed to achieve full 130 

mobilisation of the interface friction. 131 

Constitutive model and model parameters 132 

Three constitutive models were used to simulate the behaviour of Toyoura sand used 133 

in the centrifuge model test: a linear elastic-perfectly plastic Mohr-Coulomb model, a 134 

nonlinear Duncan-Chang model and a hypoplastic model.  135 

The Mohr-Coulomb model 136 

The Mohr-Coulomb (MC) model is often used to simulate soil behaviour in general 137 

and serves as a first-order model. It has five parameters to describe the linear elastic-perfectly 138 

plastic behavior of soil. Two of these parameters come from Hooke’s law (Young’s modulus 139 

E and Poisson’s ratio ν). Another two parameters are used to define the failure criteria (the 140 

friction angle φ and cohesion c). The final parameter is called the dilatancy angle ψ, which is 141 

used to model a realistic irreversible change in volume due to shearing.  142 

The initial vertical stress in soil elements at the tunnel centreline is about 231 kPa. 143 

Based on Bolton’s (1986) investigation, the dilatancy angle ψ is calculated to be 144 

approximately 6 using equation (1): 145 

(1)  3 10 ln 1
r

D p        146 
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where Dr is the relative density of sand and p' is the effective stress. 147 

According to the calibration of Herle and Gudehus (1999), the critical friction angle 148 

φcr of Toyoura sand is 30. Bolton (1986) formulated the following equation describing the 149 

relationship between critical friction φcr and the peak friction angle φp:  150 

(2) 0.8
p cr

      151 

Thus, the peak friction angle is 35. 152 

The cohesion was taken to be 2 kPa in this numerical analysis for a static equilibrium 153 

in the MC model (ABAQUS, Inc. 2006). Young’s modulus can be determined from the 154 

stiffness degradation curve of Toyoura sand (Iwasaki et al. 1978) as shown in Fig. 3.  155 

According to Mair (1993), the strain of a soil surrounding a tunnel typically varies 156 

from 0.03% to 1%. The corresponding maximum and minimum values of secant shear 157 

modulus (Gsec) are 83 MPa and 7 MPa, respectively, as shown in Fig. 3. Thus, the average 158 

secant shear modulus (Gsec) is 45 MPa. Considering the elastic domain parameters of the MC 159 

model are user-defined, the Young’s modulus of 117 MPa is obtained with Poisson’s ratio 0.3 160 

adopted (Zhang et al. 2010). It is noted that the soil strains reported by Mair (1993) were for 161 

the surrounding soil response to tunnelling construction. For the soil response to an 162 

excavation, the induced shear strain may be smaller. Considering that it is more common for 163 

engineers to use an averaged soil stiffness when the MC model is adopted, however, the soil 164 

stiffness corresponding to 0.1% axial strain was thus selected.  165 

The Duncan-Chang model  166 

The Duncan-Chang (DC) model is an incremental nonlinear stress-dependant model 167 

which is also known as the hyperbolic model (Duncan and Chang 1970). The DC model 168 

adopted in this paper specifies 11 parameters (K, n, Rf, c, φ0, G, D, F, Kur, pa andΔφ). 169 

Readers should refer to Duncan and Chang (1970) and Kulhawy and Duncan (1972) for their 170 

physical meaning. All 11 parameters can be obtained from standard triaxial tests in which the 171 
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intermediate principal stress is made identical to the minor principal stress. As for Toyoura 172 

sand used in the DC model, the friction angle φ0 was taken to be 35 as in the MC model. The 173 

cohesion c was set to 2 kPa for the static equilibrium. The atmospheric pressure pa used in the 174 

formulation to eliminate the unit system selection effect was 101 kPa. The parameters K and 175 

n can be determined from the stress-strain ((σ1 – σ3)-εa) curve based on triaxial tests 176 

conducted by Maeda and Miura (1999). Kur is the unloading-reloading modulus number and 177 

is often 2–3 times larger than the initial tangent modulus number K for many geomaterials 178 

(Duncan and Chang 1970). The dimensionless parameters G, D, and F can be obtained from 179 

the relationship between the maximum principal strain and minor principal strain (εa-εr) based 180 

on the triaxial tests performed by Maeda and Miura (1999). According to Duncan and Chang 181 

(1970), the value of Rf ranges from 0.75 to 1 for a number of different soils and is essentially 182 

independent of confining pressure. For simplicity, the value of Rf was taken to be 0.8 in this 183 

paper. All parameters used in the DC model are summarised in Table 1. 184 

The hypoplastic model 185 

It is well known that nonlinearity has a significant influence on predicted ground 186 

movements (Ng et al. 1995; Powrie et al. 1998; Atkinson 2000; Clayton 2011). The 187 

nonlinearity of soil can be captured by a hypoplastic (HP) constitutive model. Various HP 188 

models have been developed in the 1990s (Kolymbas 1991; Gudehus 1996; Von 189 

Wolffersdorff 1996; Wu et al. 1996) as well as recently (Mašín 2012, 2013, 2014). The 190 

model proposed by Von Wolffersdorff (1996) was adopted to describe the behaviour of 191 

Toyoura sand. This model was incorporated into the software package ABAQUS using open-192 

source implementation which can be freely downloaded from the web (Gudehus et al. 2008). 193 

The model specifies eight material parameters (φ′c, hs, n, ed0, ec0, ei0,  and ). Niemunis and 194 

Herle (1997) improved the model for predictions of small-strain stiffness and the recent stress 195 
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history, leading to five additional parameters (mT, mR, R, r and ). See Table 2 and the 196 

literature mentioned above for their physical meaning.  197 

Six parameters of Toyoura sand (φ′c, hs, n, ed0, ec0 and ei0) were obtained from Herle 198 

and Gudehus (1999), while the triaxial test results reported by Maeda and Miura (1999) were 199 

used to calibrate the parameters of  and . Five parameters (mT, mR, R, βr and κ) of the 200 

intergranular strain can be calibrated from the stiffness degradation curve of Toyoura sand 201 

(Iwasaki et al. 1978) as shown in Fig. 3. The void ratio of soil was considered as a state 202 

variable in the HP model. All parameters adopted in the HP model are summarised in Table 2. 203 

Comparison between model prediction and drained triaxial test 204 

Parameters of each model were obtained through the above analyses. For comparisons, 205 

the same drained triaxial test was simulated using all three models. Fig. 4a compares the 206 

model-predicted stress-strain curve and the measured one. The experimental data are taken 207 

from Maeda and Miura (1999). Fig. 4b shows the comparisons of model-predicted stiffness-208 

strain curves using three different constitutive models based on experimental data reported by 209 

Maeda and Miura (1999). It is clear that the major difference between the three models is the 210 

capability of predicting strain-dependent soil stiffness at strains less than 0.1%. The curves 211 

simulated by the DC and HP models in Fig. 4a and 4b are comparable, although an exact 212 

match could not be obtained because of rather different model frameworks. Fig. 4c shows the 213 

comparisons of model-predicted volumetric-axial strain curves using three different 214 

constitutive models based on experimental data reported by Maeda and Miura (1999). 215 

Compressive strains are taken as positive quantities. It is found that HP model can predict the 216 

relationship between volumetric strain and axial strain reasonably while it is not the case of 217 

MC and DC models. 218 

Based on a large amount of laboratory tests and calibration, parameters of the 219 

Toyoura sand of each model were obtained for simulating the centrifuge model test. It should 220 
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be stressed out that the HP model, unlike the other models involved, has the parameters 221 

independent of the initial state (see Hájek et al., 2009). Then, it is not important to ensure the 222 

experiments have been performed at the same relative density as the centrifuge test; the 223 

model adjusts the response automatically. This is not the case of the other two models. The 224 

tunnel lining and diaphragm wall were modelled as linear elastic materials. The unit weight 225 

of the aluminium alloy used for the model tunnel lining and diaphragm wall was 30 kN/m3. 226 

Young’s modulus and Poisson’s ratio of the aluminium alloy were 70 GPa and 0.2, 227 

respectively.  228 

Numerical modelling procedures 229 

The numerical modelling procedure is the same as that in the centrifuge test. Whereas 230 

excavation in centrifuge model test was simulated by draining away the heavy fluid (ZnCl2), 231 

in numerical modelling excavation it was achieved by decreasing the horizontal and vertical 232 

pressures via the following steps: 233 

1. Establish the initial stress conditions using K0=0.5. Apply the same amounts of 234 

vertical and horizontal pressure as in the centrifuge test to the formation level and 235 

the diaphragm wall, respectively. 236 

2. Incrementally increase the gravitational acceleration of the whole model from 1 g 237 

to 60 g in four steps, i.e., from 1 g, to 15 g, to 30 g, to 45 g, and finally to 60 g. 238 

Simultaneously, apply pressure to the formation level and the wall. 239 

3. Decrease the amounts of vertical and horizontal pressure gradually in each 240 

excavation stage to simulate excavation until a depth of 9 m is reached.  241 

Comparisons between measured and computed results  242 

Soil heave at the formation level of the basement  243 

Fig. 5 compares the measured and computed normalised soil heave at the formation 244 

level of the basement. Hec is the excavation depth and He is the final excavation depth. The 245 
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MC model overestimated soil heave at the formation level by 75%, 41%, and 54% after the 246 

first, second, and final excavation stages, respectively, whereas the DC model underestimated 247 

the soil heave by 28%, 42% and 37%. The results computed with the HP model agree with 248 

the measured results for the first two stages of excavation. For the third excavation stage, 249 

however, the HP model predicted a slightly larger (i.e. 37% larger) soil heave than the 250 

measured. This is because soil stiffness in the HP model decreases as strain increases. It was 251 

found that the HP model can predict soil heave better than the other two constitutive models. 252 

The simple MC model may still be used for preliminary estimation of soil heave subject to 253 

the inaccuracy revealed above. 254 

Tunnel heave along its longitudinal direction 255 

Tunnel displacement governs the curvature and bending moment of a tunnel, and so it 256 

is important for practising engineers to be able to predict it. Fig. 6a compares the measured 257 

tunnel heave along its longitudinal direction with that computed using the three different 258 

models. It can be seen from Fig. 6a that after the first stage of excavation, the MC model 259 

overestimated tunnel heave by 58%, whereas the DC and HP models underestimated the 260 

same parameter by 30% and 2%, respectively. However, the both MC and DC models 261 

overestimated tunnel heave even at a distance of 2.3(L/2) (where L is the basement length) 262 

away from the basement centre. As the excavation proceeded to the second stage, the MC 263 

model and HP model overestimated the maximum tunnel heave by 42% and 4%, respectively, 264 

while the DC model underestimated it by 35%. Both the MC and DC models also severely 265 

overestimated tunnel heave even at places far away from the diaphragm wall. This means that 266 

in practice, neither model should be used to predict tunnel heave. After basement excavation, 267 

the MC model overestimated the tunnel heave beneath the basement centre (by 46%) and also 268 

that behind the diaphragm wall. Meanwhile, the DC model underestimated the tunnel heave 269 

beneath the basement centre by 33% but overestimated it at some distance away from the 270 
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basement centre. The HP model overestimated the maximum tunnel heave by 19% and was 271 

able to predict the heave behind the diaphragm wall consistently. Thus it can be concluded 272 

that the HP model does a better job of predicting tunnel heave than either the MC or the DC 273 

model not only in terms of magnitude but also in terms of distribution. The large differences 274 

in predictive ability between the three models indicate the importance of taking into account 275 

the effect of small-strain stiffness. 276 

 Fig. 6b shows the gradient of tunnel heave against the distance from the basement 277 

centre after excavation. The absolute gradients of tunnel heave increased within the basement 278 

but decreased outside the basement with distance away from the basement centre. The 279 

absolute gradient of tunnel heave reached a maximum at the diaphragm wall. Thus special 280 

attention should be paid to this region in practice. It is noted that the MC model was able to 281 

predict the gradient of tunnel heave reasonably well. The reason may be that the soil stiffness 282 

used in the MC model overestimated the tunnel heave not only beneath the basement but also 283 

behind the diaphragm wall. The DC model, on the other hand, severely underestimated the 284 

tunnel heave gradient and thus should not be used to predict this particular parameter. 285 

The analyses above show that the HP model has advantages over both the MC and 286 

DC models as it only overestimated the tunnel heave after excavation by 19% and it was able 287 

to predict the gradient of tunnel heave reasonably accurately. The HP model’s superiority in 288 

this regard arises from its ability to capture the state-, strain- and path-dependent soil stiffness 289 

even at small strains and path- and state-dependent soil strength, which is something neither 290 

the MC model nor the DC model is capable of doing. According to the Land Transport 291 

Authority of Singapore (LTA 2000), the maximum tunnel movement should not exceed 15 292 

mm (i.e., 0.17% He as shown in Fig. 6a). Both the computed and measured maximum tunnel 293 

heave in this study are within the proposed allowable limit. In practice, if results from the MC 294 

model were used (heave overestimated), the tunnel would need to be reinforced. On the other 295 
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hand, if results from the DC model were used (heave underestimated), the basement 296 

excavation may lead to the collapse of the existing tunnel. Detailed comparisons between the 297 

measured and computed tunnel responses are summarised in Table 3. 298 

Change in tunnel diameter 299 

Fig. 7 compares the computed (with the three models) and measured change in tunnel 300 

diameter (D) with unloading ratio (Hec/C), where C is the cover depth of tunnel. Positive and 301 

negative values denote elongation and compression of the tunnel, respectively. All three 302 

models predicted that the tunnel lining would be vertically elongated and horizontally 303 

compressed and the magnitude of elongation (ΔDV) and compression (ΔDH) would increase 304 

with excavation depth. The HP model gave slightly better predictions than did the MC and 305 

DC models, but all three underestimated the change in tunnel diameter by 34%, 66%, and 306 

25% by the MC, DC and HP models, respectively. This may be due to the fact that the 307 

computed soil stiffness around the tunnel in the transverse direction is larger than that used in 308 

the centrifuge model test. According to the British Tunnelling Society (BTS 2000), the 309 

maximum distortion of a tunnel ((ΔDV+ΔDH)/D) should not exceed 2%. The maximum 310 

distortion of the existing tunnel (i.e., 0.16% D) induced by basement excavation in this study 311 

is within the proposed allowable limit. Although all of the computed and measured results are 312 

within the proposed allowable limit, all three models underestimated the change in tunnel 313 

diameter, which may lead to non-conservative or even problematic designs. 314 

Bending strain in the transverse and longitudinal directions of the tunnel 315 

lining 316 

Fig. 8a compares the measured and computed strains at the outer surface of the tunnel 317 

lining along its transverse direction after basement excavation. Positive and negative values 318 

denote tensile and compressive strains, respectively. The results computed with the three 319 

models are in reasonable agreement with the measured values. The computed strain profile is 320 
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symmetrical. Tensile strain was found at the tunnel crown, shoulders, knees and invert, while 321 

compressive strain was recorded at the tunnel springlines. The MC, DC and HP models 322 

underestimated the maximum tensile bending strain in the transverse direction by 26%, 56% 323 

and 15%, respectively, for the same reason that they underestimated the change in tunnel 324 

diameter. The HP model gave the best predictions among the three models as shown in Fig. 325 

8a. According to the American Concrete Institute (ACI 2001), the ultimate tensile strain of 326 

unreinforced concrete is 150 μBoth the computed and measured additional bending strains 327 

in the transverse direction are within the proposed allowable limit, assuming that there was 328 

no bending strain in the tunnel lining before excavation. 329 

Fig. 8b compares the measured and computed strains at the tunnel crown along its 330 

longitudinal direction after basement excavation. Positive and negative values denote tensile 331 

and compressive strains, corresponding to hogging and sagging moments, respectively. The 332 

measured and computed results exhibit similar trends. Their profiles are symmetrical with 333 

respect to the basement centre. For the measured results, the maximum strain in the hogging 334 

regions is approximately four times larger than that in the sagging regions. For the computed 335 

results, the maximum strains in the hogging regions are approximately four, three and four 336 

times larger than those in the sagging regions for the MC, DC and HP models, respectively. 337 

The MC and HP models overestimated the maximum tensile strain in the hogging regions by 338 

52% and 38%, respectively, while the DC model underestimated it by 24%, for the same 339 

reason that they failed to estimate the tunnel heave correctly. The MC model gave a 340 

maximum tensile bending strain of 105 μ. Since the ultimate tensile strain of unreinforced 341 

concrete is 150 μ according to ACI224R (ACI 2001), cracks may appear in the tunnel if 342 

existing tensile strain is larger than 45 μ. 343 

The maximum bending strains of the tunnel were underestimated in the transverse 344 

direction but overestimated in the longitudinal direction by both the MC and HP models. The 345 
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DC model, however, underestimated the maximum tensile bending strain in both directions, 346 

because it does not capture path-dependent soil stiffness and the value it used after excavation 347 

is larger than that in the centrifuge model test. A summary of the comparisons is given in 348 

Table 3. 349 

Analyses of predicted soil responses by the three models due to 350 

stress relief by the excavation 351 

Stress and stiffness distributions of soil elements around the tunnel 352 

In order to better understand the tunnel behaviour in the transverse and longitudinal 353 

directions, the stress and stiffness distributions of soil elements around the tunnel are shown 354 

in Figs. 9 and 10. Fig. 9a shows the computed changes in vertical stress at the tunnel crown in 355 

the longitudinal direction. Positive and negative values denote increases and decreases in 356 

stress acting on the tunnel lining, respectively. The three models predicted similar trends of 357 

vertical stress at the tunnel crown. Along the tunnel crown, the vertical stress beneath the 358 

basement is significantly reduced due to excavation. A stress relief that is almost uniform can 359 

be observed just beneath the basement. Stress is concentrated beneath the diaphragm wall due 360 

to the upward tunnel movement and downward soil-wall frictions. Thus, the vertical stress in 361 

the soil increased by more than 50 kPa. At a distance of 0.6 (L/2) (L is basement length) away 362 

behind the diaphragm wall, soil stress increased slightly (by less than 20 kPa) at the crown. 363 

After basement excavation, the maximum change in vertical stress at the tunnel crown 364 

exceeded the allowable limit (i.e., ±20 kPa) set by the Building Department of Hong Kong 365 

(BD 2009). Stress changes behind the diaphragm wall stayed within the allowable limit 366 

though. 367 

The DC model predicted the largest stress change (in absolute value) in soil elements, 368 

then the MC model, while the HP model predicted the smallest change because of rather 369 
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different model frameworks. However, the changes in vertical stress computed by all three 370 

models are not too large as shown in Fig. 9a, with the maximum change being less than 9%. 371 

This implies that the deformation of the tunnel lining is governed by the stiffness of soil 372 

around the tunnel. 373 

Fig. 9b shows the relationships between the mobilised secant shear stiffness of soil at 374 

the tunnel crown and the normalised distance from the basement centreline. The mobilised 375 

secant shear stiffness after excavation (Gm) was normalised by the initial secant shear 376 

stiffness at maximum g-level (G0) for each model. It can be seen from Fig. 9b that the secant 377 

shear stiffness does not change for the MC model while it significantly decreases for the DC 378 

model (by about 58% of G0 ) and the HP model (by about 9% of G0) especially for soil 379 

elements underneath the basement. The reason is that due to the removal of vertical stress at 380 

the tunnel crown (see Fig. 9a), shear strain increased in the soil, but unlike the DC and HP 381 

models, the MC model cannot capture the change in soil stiffness with strain. The larger the 382 

shear stiffness of soil, the larger the resistant force of soil which causes it to deform. Suppose 383 

that the initial secant shear stiffness G0 is the same for each model. The HP model should 384 

predict the largest tunnel heave while the MC model should predict the smallest heave. 385 

However, as shown in Fig. 6, the MC model predicted the largest tunnel heave, the HP model 386 

predicted less and the DC model predicted the smallest heave. The reason is that the average 387 

stiffness after excavation is the smallest for the MC model, less for the HP model and the 388 

largest for the DC model. To prove this, the changes in stiffness in the soil elements around 389 

the tunnel were analysed using the three constitutive models as shown in Fig. 10. Stiffness 390 

computed with the MC model was always constant at any soil elements and any excavation 391 

stage. According to the DC model, stiffness reduced gradually with the increase in shear 392 

strain as the excavation proceeded, but did not change too much. According to the HP model, 393 

however, stiffness reduced substantially as the excavation went on. The HP model can 394 
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capture precisely the changes in stiffness with strain, especially at small strains, as it is path-395 

dependent and strain-dependent even at small strains. The DC model gave the largest average 396 

stiffness while the MC model yielded the smallest. It is important to understand why the DC 397 

model predicted the smallest tunnel heave while the MC model predicted the largest values of 398 

the parameter as shown in Fig. 6 as well as the largest bending strain as shown in Fig. 8. 399 

Shear strain for soil elements around the tunnel 400 

Fig. 11 shows the distribution of shear strain at soil elements located at the crown, 401 

shoulders, springlines and invert, around the tunnel in the transverse and longitudinal 402 

directions after excavation computed using the three different models. The transverse section 403 

shown in Fig. 11a is located at the basement centre (i.e. section S1 in Fig. 1a). The three 404 

models yielded similar distribution patterns and magnitudes of shear strain in soil elements 405 

around the tunnel lining. The maximum shear strain was recorded at the crown while the 406 

minimum shear strain was observed around the invert. The magnitude of shear strain in 407 

section S1 (see Fig. 1a) ranges from the minimum value of 0.02% around the invert to the 408 

maximum value of 0.14% at the crown. It seems that the stiffness adopted for any 409 

calculations based on a simple linear elastic-perfectly plastic model may be appropriate 410 

corresponding to the average strain level in soil elements around the tunnel due to basement 411 

excavation. In practice, design engineers can back-analyse relevant case records to obtain an 412 

average shear strain on an existing tunnel in a basement excavation. Thus, they can deduce 413 

the corresponding soil stiffness for their numerical analyses through laboratory soil tests. 414 

However, using simple models such as the MC model in this way may lead to more errors 415 

than using advanced models. Practitioners should use advanced models even if they have to 416 

estimate the parameters, rather than to use simple models with constant stiffness and 417 

elaborate calibration procedures based on back-analyses of simulated cases.  418 
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As the maximum shear strain was found at the crown while the minimum strain was 419 

found around the invert, Fig. 11b only shows the shear strain distributions at those places in 420 

the longitudinal direction after basement excavation. The magnitude of shear strain within the 421 

excavation zone around the tunnel and the retaining wall ranges from the minimum value of 422 

0.02% to the maximum value of 0.34%. It can also be seen that within the excavation zone, 423 

similar to the section S1 at the basement centre (as shown in Fig. 11a), the maximum shear 424 

strain was observed at the crown and the minimum shear strain was recorded around the 425 

invert. The HP model predicted the largest shear strain while the DC model predicted the 426 

smallest at the crown. The MC and HP model predicted almost the same shear strain at the 427 

invert, while the DC model gave a slightly smaller value. The shear strain at the crown and 428 

the invert decreased dramatically and then gradually approached zero with the distance away 429 

from the diaphragm wall. In general, the HP model computed slightly larger shear strains 430 

than the other two models although the values were still of the same order of magnitude both 431 

within the excavation zone and behind the diaphragm wall. However, as a preliminary 432 

analysis, the MC model as a simple linear elastic-perfectly plastic model can be used to 433 

estimate the shear strain around an existing tunnel after basement excavation.  434 

Significance of soil small-strain stiffness for practising engineers 435 

It is possible to select an appropriate mean soil stiffness in a linear elastic-perfectly 436 

plastic analysis to predict tunnel displacement, tunnel diameter change and stress distribution 437 

in the soil around an existing tunnel due to basement excavation. However, soil stiffness 438 

cannot be taken as constant when strain around geotechnical structures increases to a certain 439 

value. For example, as shown in Fig. 6a, the maximum tunnel heave can be predicted using 440 

the MC model by selecting an appropriate stiffness value. However, a rather large tunnel 441 

heave is also computed at a distance away from the diaphragm wall which is unrealistic in 442 

practice. Neither the MC model nor the DC model can reliably predict the tunnel heave 443 
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because neither model can capture the path-dependent stiffness at small strains. In practice, 444 

engineers are generally very concerned about tunnel heave around excavations in urban areas, 445 

since it governs the curvature and bending moment of the tunnel. Thus it is imperative that 446 

practising engineers consider soil small-strain stiffness in their designs. 447 

Small-strain stiffness also has a significant influence on the interpretation of 448 

equivalent stiffness in centrifuge tests (as shown in Fig. 10). The simple linear elastic-449 

perfectly plastic model (i.e., MC) and the non-linear elastic model (i.e., DC) are convenient 450 

tools for estimating soil stiffness. However, unless the fact that soil stiffness varies with small 451 

strains is taken into account, any computations of basement-soil-tunnel interaction and the 452 

interpretation of centrifuge test or field measurements can be misleading. The more advanced 453 

constitutive models that can capture small-strain stiffness such as the HP model involves 454 

more soil parameters and an understanding of numerical modelling and nonlinear soil 455 

behaviour. Whether linear analysis or nonlinear analysis should be conducted depends on 456 

how precise the results are required to be and what resources are available. 457 

Conclusions 458 

This paper has evaluated the predictivity of three constitutive models by back-analysing 459 

a centrifuge model test that simulated the response of an existing tunnel during basement 460 

excavation. These models used include a linear elastic-perfectly plastic model with the Mohr-461 

Coulomb failure criterion (called MC model), a nonlinear Duncan-Chang model and a 462 

hypoplastic model. The comparisons of the model predictions can be regarded as the 463 

verifications of different design analyses carried out by various practicing engineers.  Based 464 

on the comparisons between measured and computed results, the following conclusions may 465 

be drawn: 466 

(a) Due to stress relief by the basement excavation, the HP model predicted soil heaves at all 467 

three stages of the excavation better than those by the other two models consistently. 468 
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This is because the HP was able to capture the variations of soil stiffness with strains 469 

and stress paths. 470 

(b) The DC model mobilised the largest soil stiffness at the final stage of excavation, while 471 

the MC model mobilised the least. For the given amount of stress relief by the 472 

excavation, both MC and HP models overestimated the maximum tunnel heave by 46% 473 

and 19%, respectively, while the DC model underestimated it by 33%. The HP model 474 

better predicted not only the magnitude but also the gradient of measured tunnel heave. 475 

(c) The MC, DC and HP models underestimated the measured change in tunnel diameter by 476 

34%, 66%, and 25%, respectively. Consistently with the predictions of change in tunnel 477 

diameter, the maximum tensile bending strain in the transverse direction was 478 

underestimated by all three models. The MC, DC and HP models underestimated the 479 

measured maximum strain by 26%, 56% and 15%, respectively. All these predictions 480 

are not on the conservative side for design.  481 

(d) Both the MC and HP model overestimated the maximum bending strain in the 482 

longitudinal direction (i.e., by 52% and 38% respectively). However, the DC model 483 

underestimated the measured value by 24%, consistent with its underestimation of 484 

tunnel heave.  485 

 486 

487 
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Fig. 7. A comparison of the measured and computed change in tunnel diameter. 615 

Fig. 8. A comparison of the measured and computed additional bending strains along (a) the 616 

transverse section S1 and (b) the longitudinal direction of the tunnel. 617 

Fig. 9. A comparison of the soil responses around the tunnel along its longitudinal direction 618 

computed with the three models: (a) changes in vertical stress at the crown; (b) 619 

mobilised stiffness of soil at the crown. 620 

Fig. 10. Stiffness-strain curves for soil elements around the tunnel. 621 

Fig. 11. Comparison of shear strain in (a) the transverse direction and (b) the longitudinal 622 

direction for soil elements around the tunnel.623 
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 624 

Table 1. Soil parameters used in the Duncan-Chang model 625 

The modulus number (a dimensionless material parameter), K 1584 

Modulus exponent (a dimensionless material parameter), n 0.5 

Failure ratio, Rf 0.8 

Cohesion, c 2 kPa 

Friction angle at the unit atmospheric pressure of confining pressure 
, φ0 

35 

Material parameter, G 0.3 

Material parameter, D 27.9 

Material parameter, F 0.034 

Unloading-reloading modulus number (a dimensionless material 
parameter), Kur 

3168 

The atmospheric pressure that is used in  

the formulation to eliminate unit system selection effect, pa 

101 kPa 

The reduction in φ for a tenfold increase in ,Δφ 0 
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 626 

Table 2. Soil parameters used in the hypoplastic model 627 

 628 

Critical state friction angle(1), φc 30 

Granulates hardness(1), hs 2.6 GPa 

Exponent n(1), n 0.27 

Minimum void ratio at zero pressure(1), ed0 0.61 

Critical void ratio at zero pressure(1), ec0 0.98 

Maximum void ratio at zero pressure(1), ei0 1.10 

Exponent (2),  0.14 

Exponent (2) ,  3.0 

Parameter controlling the initial shear modulus upon a 180 strain 
path reversal and in the initial loading(2), mR 

5.5 

Parameter controlling the initial shear modulus upon a 90 strain path 
reversal(2), mT 

2.75 

Size of elastic range(2), R 3×10-5 

Parameter controlling rate of degradation of stiffness with strain(2)r 0.08 

Parameter controlling rate of degradation of stiffness with strain(2) 1.0 

Coefficient of at-rest earth pressure, K0 0.5 

Dry density, ρd 1542 kg/m3 

Void ratio, e 0.72 

Note:  (1) Herle and Gudehus, 1999 629 
 (2) Obtained by fitting test results from Iwasaki et al. (1978) and Maeda and Miura (1999) 630 

 631 
 632 
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 633 

Table 3. Comparison of computed and measured values  634 

Parameter  Mohr-Coulomb  Duncan-Chang Hypoplastic 

Max. tunnel heave +46% -33% +19% 

Gradient of tunnel heave Good  poor  Very good  

Max. change in tunnel diameter -34% -66% -25% 

Max. bending strain in transverse 

direction 
-26% -56% -15% 

Max. bending strain in 

longitudinal direction 
+52% -24% +38% 

Note: The -ve sign indicates an underestimate and the +ve indicates an overestimate 

 635 
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Fig. 1. Elevation views of the centrifuge model: (a) longitudinal direction; (b) transverse 641 

direction (all dimensions in model scale, unit: mm).642 
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Fig. 2. (a) Three-dimensional finite element model adopted in this study (all dimensions 649 

in model scale, unit: mm); (b) intersection of the tunnel and diaphragm wall. 650 
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Fig. 3. Calibrations of secant shear modulus versus shear strain of Toyoura Sand. 653 
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(c) 659 

Fig. 4. A comparison of the measured and computed (a) stress-strain curves; (b) 660 

stiffness-strain curves; (c) volumetric-axial strain curves (experimental data are taken 661 

from Maeda and Miura, 1999). 662 
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Fig. 5. A comparison of the measured and computed basement heave. 665 
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Fig. 6. A comparison of the measured and computed (a) tunnel heave and (b) gradient 671 

of tunnel heave. 672 
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Fig. 7. A comparison of the measured and computed change in tunnel diameter. 676 
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 (b) 680 

Fig. 8. A comparison of the measured and computed additional bending strains along (a) 681 

the transverse section S1 and (b) the longitudinal direction of the tunnel. 682 
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(b) 686 

Fig. 9.  A comparison of the soil responses around the tunnel along its longitudinal 687 

direction computed with the three models: (a) changes in vertical stress at the 688 

crown; (b) mobilised stiffness of soil at the crown. 689 
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Fig. 10. Stiffness-strain curves for soil elements around the tunnel. 694 
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(a) Transverse direction 698 
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(b) Longitudinal direction  700 

Fig. 11. Comparison of shear strain in (a) the transverse direction and (b) the 701 

longitudinal direction for soil elements around the tunnel. 702 


