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Faculty of Science
Charles University in Prague, Czech Republic

ABSTRACT: In the paper, we present newly developed hydro-mechanical hypoplastic model for partially
saturated soils incorporating small strain stiffness. The model is based on the existing hypoplastic model incor-
porating very small strain stiffness anisotropy. The model is combined with the hysteretic void ratio dependent
water retention model and also with the approach enabling predictions of the very small strain stiffness and stiff-
ness degradation curves. It is demonstrated by simulation of experimental data on completely decomposed tuff
from Hong-Kong that the model predicts properly the very small strain stiffness dependency on mean effective
stress, void ratio and degree of saturation. Central to correct predictions of suction history dependent stiffness
degradation curves is consideration of the dependency of the elastic range size on suction.

1 INTRODUCTION

Soil stiffness at small strains (0.001% to 1%) is a
key parameter for predicting ground deformations and
dynamic responses of many earth structures such as
retaining walls, foundations and tunnels. Moreover,
correct consideration of stiffness development is cru-
cial for capturing cyclic loading phenomena, induced
for example by enviromental effects during wetting
and drying cycles. Over the decades, many constitu-
tive models have been developed and validated for
modelling small strain stiffness in saturated soils.
However, less research has been devoted to mod-
elling shear stiffness at small strain in unsaturated
soils and the overall non-linear stress-strain response
from the very small strain stiffness up to the fail-
ure. In this paper, we present a new coupled hydro-
mechanical hypoplastic model for partially saturated
soils. The model inherits some features from the ear-
lier hypoplastic models and, in addition, it incorpo-
rates small strain stiffness dependent on stress and
suction history and hysteretic water retention curve.

2 MODEL FORMULATION

2.1 Basic hydro-mechanical hypoplastic model

Before incorporating the very small strain stiffness ef-
fects, we first needed to formulate the underlining hy-
poplastic model capable of predicting large strain be-
haviour and asymptotic states. The model is an evo-
lution of the mechanical hypoplastic model for un-
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Figure 1: Hysteretic water retention curve adopted in the pro-
posed model.

saturated soils by Mašı́n & Khalili (2008) and wa-
ter retention model by Mašı́n (2010). These mod-
els were evaluated by D’Onza et al. (2011), demon-
strating their good predictive capabilities. The mod-
els have been evolved in two ways. First, the new for-
mulation is based on an explicit hypoplastic formula-
tion by Mašı́n (2012), leading to more freedom in fur-
ther model enhancements (such as the incorporation
of stiffness anisotropy, see Mašı́n & Rott 2013). Sec-
ond, a hysteretic water retention model schematised
in Fig. 1 has been adopted.

In the model formulation, parameter ae defines the
ratio of air expulsion and air entry values of suction
(see Fig. 1). The water retention curve formulation is
based on a new state variable denoted as ascan, which
is defined as

ascan =
s− sW
sD − sW

(1)



In Eq. (1), sD is suction at the main drying curve and
sW at the main wetting curve corresponding to the
current degree of saturation Sr. It follows from (1)
and ae definition that sD may be expressed as

sD =
sen
se
s (2)

with

se = sen (ae + ascan − aeascan) (3)

The hysteretic model can then be defined using the
rate equation for ascan, such that for s > aesen

ȧscan =
1− rλ

sD(1− ae)
ṡ (4)

where the ratio rλ is defined as

rλ =


1 for s = sD and ṡ > 0
1 for s = aesD and ṡ < 0
λpscan
λp

otherwise
(5)

The meaning of variables λp and λpscan is clear
from Fig. 1. If s ≤ aesen, then ascan = 0. Note that
∂ascan/∂e = 0 is assumed. Thus, the position along
scanning curve does not influence the dependency
of Sr on void ratio calculated using the model from
Mašı́n (2010). Finite expression for Sr of the hys-
teretic model then reads simply:

Sr =

{
1 for s ≤ aesen(se
s

)λp
for s > aesen

(6)

Further modifications of the basic hypoplastic
model by Mašı́n & Khalili (2008) are needed to in-
corporate hysteretic void-ratio dependent water reten-
tion curve. First of all, we need to consider the depen-
dency of the effective stress on void ratio. In the new
model, Bishop effective stress equation is considered,
with the χ formulation following the work by Khalili
& Khabbaz (1998). Thus, for Sr < 1,

χ =
(se
s

)γ
(7)

and χ= 1 otherwise. Note that some authors advocate
different modelling approach (Sheng et al. 2008). Un-
like in the original model, in which se is considered
to be material constant independent of e, the effective
stress rate equation of the new model reads

σ̊ = σ̊net − 1
∂(χs)

∂t
= σ̊net − 1

[
∂(χs)

∂s
ṡ+

∂(χs)

∂e
ė

]
(8)

where σ is the effective stress, σnet is net stress
and the circle symbol (σ̊) denotes objective rate. The

derivative ∂χs/∂s in the hysteretic water retention
curve formulation can be expressed using the variable
rλ as

∂(χs)

∂s
= (1− γrλ)χ (9)

The derivative ∂χs/∂e then follows from the Mašı́n
(2010) model.

The second required modification which must be
considered in the model is based on the fact that also
variables controlling position N(s) and slope λ∗(s)
of water retention curve are void ratio dependent, as
both are expressed in terms of se:

N(s) = N + ns

〈
ln

(
s

se

)〉
(10)

λ∗(s) = λ∗ + ls

〈
ln

(
s

se

)〉
(11)

The effective slope of normal compression line λ∗act,
entering the hypoplastic formulation, thus differs
from λ∗(s). The value of λ∗act can be expressed ex-
plicitly by considering the ∂se/∂e expression of the
Mašı́n (2010) model.

For space reasons, all equations of the coupled
hypoplastic model cannot be included in this paper,
the readers are referred to the journal publication by
Wong & Mašı́n (2013).

2.2 Formulation for the very small strain shear
modulus

Incorporation of small strain stiffness and its evo-
lution into a constitutive model requires three main
components: a model for large strain response, ref-
erence value of the very small strain stiffness and a
model describing the stiffness degradation at small
strains. The first component has been discussed in
Sec. 2.1 and the last one will be described in Sec. 2.3.
In this section, we describe the adopted formulation
for the very small strain shear modulus G0. The for-
mulation has been developed by Wong et al. (2014)
and it reads:

G0 = prAg

(
p

pr

)ng

e(−mg)S(−kg/λp)
r (12)

G0 = prAg

(
p

pr

)ng

e(−mg)

(
s

se

)kg
(13)

where p is mean effective stress calculated using χ
factor of Eq. (7), which can also be expressed for the
adopted water retention model as

χ = S(γ/λp)
r (14)

(see D’Onza et al. 2011). In Eq. (12), pr is a refer-
ence pressure of 1 kPa. Ag, ng, mg and kg are model



parameters controlling G0 magnitude and its depen-
dency on mean effective stress, void ratio and degree
of saturation.

In developing Eq. (12), we considered the G0 for-
mulation of the cemented clays by Trhlı́ková et al.
(2012). They found that G0 does not depend on mean
effective stress and soil relative density only, but also
on the level of inter-particle cementation. Similarly,
in the proposed G0 formulation for partially saturated
soils, G0 depends on the mean effective stress, void
ratio (which is an approximate measure of the number
inter-particle contacts), and degree of saturation Sr.
As suggested by Gallipoli et al. (2003), it is the num-
ber of water menisci, rather than the actual value of
matric suction, which is controlling the water menisci
bonding effect in partially saturated soils. The number
of water menisci per unit volume of solid fraction is
measured by degree of saturation, a function of which
forms the last term in our G0 formulation.

The Equation (12) predicts both the effects onG0 of
mechanical hysteresis (thanks to the void ratio term)
and of hydraulic hysteresis (thanks to the Sr term
combined with the hysteretic water retention curve
formulation). Example evaluation of the model will
be shown in Sec. 3, more details can be found in Wong
et al. (2014).

2.3 Hypoplastic model incorporating small strain
stiffness

Small strain stiffness effects have been incorporated
into the hypoplastic models for saturated soils by
means of the intergranular strain concept proposed by
Niemunis & Herle (1997). In this paper, we describe
a modification of this concept to predict small strain
stiffness of partially saturated soils. The modification
has been proposed by Wong & Mašı́n (2013).

The general rate equation of hypoplastic model
reads (Mašı́n & Khalili 2008):

σ̊ = fs (L : ε̇ + fdN‖ε̇‖) + fuH (15)

where L and N are fourth- and second-order con-
stitutive tensors respectively, ε̇ is the Euler stretch-
ing tensor, ‖ε̇‖ is the Euclidian norm of ε̇ and H is
the second-order tensor enabling to predict wetting-
induced collapse. fs, fd and fu are three scalar factors
controlling the effects of effective stress and overcon-
solidation ratio on model response.

The general rate equation of the small strain stiff-
ness model reads

σ̊ = M : ε̇ + fuH (16)

In the very small strain range,

M = mRfsL (17)

where mR is a variable controlling very small strain
stiffnes magnitude. It is calculated to ensure the very

small strain shear modulus is expressed using Eq.
(12).

In the small strain range, M is found by an in-
terpolation between the limitting cases of (15) and
(17). The interpolation is taken over from Niemunis
& Herle (1997), see also Mašı́n (2005).

The size of the elastic range is in the original in-
tergranular strain model defined by the parameter R.
Evaluation of the model using experimental data on
small strain stiffness of partially saturated soils re-
vealed that the size of the elastic range depends on the
current value of the ratio s/se (that is, it depends on
current degree of saturation). We can again recall sim-
ilarity with the behaviour of cemented soils. As ob-
served, among others, by Sharma & Fahey (2004), the
amount of cementing agent increases the size of the
elastic range. In the small strain stiffness hypoplastic
model, the size of the elastic range, denoted as R(s),
is calculated as

R(s) = R+ rm ln
s

se
= R− rm

λp
lnSr (18)

where rm is a model parameter controlling the depen-
dency of R(s) on the ratio s/se (and thus on Sr).

In the new formulation, R(s) depends on both suc-
tion and void ratio. Time derivative of (18) yields

Ṙ(s) = rm

(
rλ
ṡ

s
+

γ

eλpsu
ė

)
(19)

where λpsu is a variable specified in the Mašı́n (2010)
model. To consider the fact that suction and void ratio
influence the size of the elastic range, rate formulation
of the intergranular strain is adjusted such that for δ̂ :
D > 0, s > se and Ṙ(s) < 0

δ̊ =
(
I − δ̂⊗ δ̂ρβr

)
: D + δ

Ṙ(s)

R(s)
(20)

For other cases, the original formulation remains un-
changed. In Eq. (20), δ is the intergranular strain. For
definition of the other variables appearing in Eq. (20),
the readers are referred to Niemunis & Herle (1997).

3 EVALUATION OF THE MODEL

In this section, the proposed constitutive model is
evaluated using experimental data on completely de-
composed tuff (CDT) from Hong-Kong. The mate-
rial tested was a CDT extracted from a deep excava-
tion site at Fanling, Hong Kong (Ng & Yung 2008).
The material would be described as clayey silt (ML)
according to the Unified Soil Classification System.
The material was yellowish-brown, slightly plastic,
with a very small percentage of fine and coarse sand.
The material used in the study has been recompacted
by static compaction at initial water content of about
16.3% and dry density of about 1760 kg/m3. The aver-
age initial suction of the specimens after compaction
was 95 kPa. For details on the tested soil, see Ng &
Yung (2008).



3.1 Evaluation of the very small strain shear
modulus predictions

Very small strain shear moduli measurements investi-
gated using bender element tests have been reported
by Ng & Yung (2008) and Ng et al. (2009). Different
types of experiments have been performed and simu-
lated:

1. Isotropic compression tests at constant matric
suction. Four different experiments have been
performed and simulated, at matric suctions of
0, 50, 100 and 200 kPa.

2. Drying-wetting tests at the isotropic stress state
and constant net mean stress. Two tests with net
mean stresses of 110 kPa and 300 kPa have been
simulated.

Experimental measurements of G0 during the con-
stant suction isotropic compression tests are shown
in Fig. 2. The parameters Ag, mg, ng and kg have
been calibrated by a trial and error procedure to fit the
very small strain stiffness data at s = 0, 50 and 100
kPa. Simulations are shown in Fig. 3, revealing that
both the dependency of G0 on mean effective stress
and suction has been predicted properly by the model.
Model parameters are in Tab. 3.1.

Table 1: Parameters of the proposed model adopted in all simu-
lations.

basic model ϕc λ∗ κ∗ N νpp αG

38◦ 0.053 0.005 0.76 0.25 1
unsat. ns ls m
mechanical 0 0 (n/a)
WRC model se0 e0 λp0 ae

67 kPa 0.568 0.6 0.5
G0 model Ag ng mg kg

4220 0.55 0.9 0.2
intergr. strain R βr χ mrat rm
model 10−4 2 1 1 8x10−5

Figure 2:G0 dependency on net mean stress during constant suc-
tion isotropic compression tests (data by Ng & Yung, 2008).

For model validation, drying-wetting tests at con-
stant net stress have been simulated. Experimental
measurements are shown in Fig. 4a. The water re-
tention curve was significantly hysteretic (see Fig. 6
in Sec. 3.2). In our model, the hysteresis effects on

Figure 3:G0 dependency on net mean stress during constant suc-
tion isotropic compression tests, model simulations.

G0 are considered by allowing for the dependency of
G0 on void ratio, effective mean stress and degree of
saturation (in combination with hysteretic mechani-
cal and water retention models). G0 dependency on
suction predicted by the model during wetting-drying
tests is shown in Fig. 4b. The model well represents
the hysteretic response thanks to the hysteretic water
retention curve (Fig. 1). Unlike the model, the exper-
imental data reveal hysteresis in the suction range be-
low 50 kPa. This is not predicted by the model, due
to the inaccurate representation of the wetting branch
of water retention curve in the low suction range (see
Fig. 6).

(a)

(b)
Figure 4: G0 dependency on suction during constant net mean
stress wetting-drying tests. (a) experimental data by Ng et al.,
(2009), (b) model simulations.



3.2 Hypoplastic model incorporating small strain
stiffness

To evaluate the model predictions in the small strain
range including the dependency of shear modulus
degradation curve on stress and suction history, we
adopted experimental data by Ng & Xu (2012) and Xu
(2011). They used soil from the same locality as the
soil adopted in G0 measurements. Different samples
were, however, used in the two investigations, which
implied minor differences in soil properties caused by
the soil natural variability.

The following experiments were adopted for the
model evaluation:

1. The first set of experiments has been designed
to investigate the effect of suction magnitude on
small strain stiffness. The samples were loaded
isotropicaly under constant suction from the as-
compacted state of s = 95 kPa and pnet = 0
kPa until the net mean stress of 100 kPa. Sub-
sequently, suction was increased to either 150 or
300 kPa or decreased to 1 kPa. Then, the samples
were sheared under constant pnet conditions and
stiffness degradation curve was recorded. The
stress-suction paths are clear from Fig. 5. The
three experiments described are represented by
paths ABS1C1, ABS2C2 and ABS3C3.

Figure 5: Stress-suction histories adopted in small strain stiffness
tests (from Xu, 2011).

2. The second set of experiments has been de-
signed to investigate the effect of suction history
on small strain stiffness. The test ABS2C2 de-
scribed previously has been supplemented by the
test ABS2S3S2C2. The shear stage of the two
tests has thus been performed at the same suc-
tion levels of s = 150 kPa. The immediate past
suction history of one test was drying from 95 to
150 kPa, while the history of the other test was
wetting from 300 kPa to 150 kPa.

To simulated the tests with the proposed model, all
the model parameters had to be calibrated first. De-
tailed description of the calibration procedure is out of
the length limits for the present paper; the parameters
are summarised in Table 3.1. Central to the present
developments is calibration of water retention curve.
Model predictions are shown in Fig. 6. The model

represents the basic features of hysteretic hydraulic
behaviour, it is however clear that the bi-linear repre-
sentation does not fit well the experimental data in the
low suction range.

Figure 6: Hysteretic water retention curve. Experimental data by
Ng and Xu (2012) and model predictions with indication of the
initial states of the two s=150 kPa experiments.

Figure 7a shows predictions by the model for the
first set of experiments adopting suction-independent
size of the elastic range R (calibrated using the test
at saturated conditions), that is adopting Eq. (18) with
rm = 0. Clearly, such a model underpredicts signif-
icantly stiffness in the unsaturated state. Predictions
are significantly improved if the size of the elastic
range is allowed to increase with decreasing degree
of saturation (Fig. 7b).

Simulations of the second set of experiments are
shown in Fig. 8. The model predicts properly the trend
in the depndency of shear stiffness degradation on
suction history. The reason for this model capability
may be explained with the aid of Fig. 6. As soil state
of one test is at the main drying branch of water reten-
tion curve, while state of the other test is at the main
wetting branch, the two samples are characterised by
different values of the ratio s/se (although suction is
the same in both cases). As s/se enters the expression
for the elastic range size R(s) (Eq. (18)), the elastic
range of the recently wetted samples is larger than the
elastic range of the recently dried sample.

4 SUMMARY AND CONCLUSIONS

In the paper, we presented the coupled hydro-
mechanical hypoplastic model for partially saturated
soils incorporating small strain stiffness. Fundamen-
tal features of the model formulation were described,
followed by evaluation of those features novel with
respect to the existing models. In particular, we pre-
sented predictive capability of the very small strain
stiffness model defined in terms of mean effective
stress, void ratio and degree of saturation. Subse-
quently, the small strain stiffness degradation model
was evaluated. It was shown that crucial for correct
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Figure 7: Stiffness degradation curves from the first set of exper-
iments, experimental data by Ng and Xu (2012) compared with
the model predictions. (a) model with constant R(s), (b) model
with R(s) dependent on suction.
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Figure 8: Stiffness degradation curves from the second set of
experiments, experimental data by Ng and Xu (2012) compared
with the model predictions. (a) model with constant R(s), (b)
model with R(s) dependent on suction.

predictions was consideration of the dependency of

the elastic range size on suction.
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